Abstract. We present an algorithm for explicitly computing the number of generators of the stable cohomology algebra of any rationally smooth partial toroidal compactification of Ag satisfying certain additivity and finiteness properties, in terms of the combinatorics of the corresponding toric fans. In particular the algorithm determines the stable cohomology of the matroidal partial compactification A 
Introduction
We work over C, and denote by A g the moduli space of complex principally polarized abelian varieties of dimension g. The classical result of Borel [Bor74] states that the cohomology of A g stabilizes: this is to say, H k (A g , Q) is independent of g for g > k. Moreover, in this range the cohomology is freely generated by the odd degree Hodge classes λ 2k+1 := c 2k+1 (E), where E denotes the Hodge bundle -the complex rank g vector bundle over A g whose fiber over A is H 1,0 (A, C). We think of this result as computing the cohomology of A ∞ (in the sense of stability with respect to a sequence of stabilization maps, as discussed in Section 1), and denote
this free polynomial algebra. The moduli space A g admits various compactifications. Charney and Lee [CL83] proved that the cohomology of the Satake-Baily-Borel compactification A Sat g also stabilizes, i.e. that H k (A Sat g , Q) is independent of g for
Research of the first author is supported in part by National Science Foundation under the grant DMS-15-01265. g > k. They proved, in particular, that the classes λ i can be extended (noncanonically) to A Sat g . Charney and Lee proved that, as an R-algebra, the stable cohomology H • (A Sat ∞ , Q) is generated by certain classes α 3 , α 5 , . . . . Chen and Looijenga proved in [CL16] that these classes have Hodge weight zero, and thus are non-algebraic. Thus the stable cohomology of A Sat g contains non-trivial Tate extensions, and we refer the reader to the recent preprint [Loo15] for a discussion of these extensions.
In [GHT17] we investigated the stability of cohomology of toroidal compactifications or partial toroidal compactifications of A g . The methods we used were different from the topological methods used by Borel, and Charney and Lee, and the results we obtained in [GHT17] were on stabilization in close to top degree. It is easy to see that H top−k (A Sat g , Q) is independent of g for g > k (where here and below, top denotes the real dimension of the space, so in this case g(g + 1)), and is freely generated by duals of the extensions of the odd Hodge classes. In [GHT17] , we showed that cohomology of the perfect cone toroidal compactification H top−k (A Perf g , Q) is also independent of g for g > k -we will thus say that its stabilizes in codegree up to g.
A primary goal of the current article is to provide an algorithm for computing such stable cohomology, in the more general setup of suitable partial toroidal compactifications. As already observed in [GHT17] , in the context of stabilization in small codegree, it is more natural to work with homology rather than with cohomology. For spaces that are not rationally smooth, we typically work with Borel-Moore homology, i.e. homology with closed support (see [Ful98, Ch. 19] ). Specifically, our main result is an algorithm that applies to Borel-Moore homology (or, dually, to cohomology with compact support)H top −k (A Σ g ) in codegree k < g for any (admissible) small additive collection A Σ g of partial toroidal compactifications of A g . These terms will be defined in detail in Section 1, but essentially admissible is the condition ensuring the existence of stabilization maps, while small means that the dimension of each cone in the fan Σ g , defining the partial toroidal compactification, is at least r 2 + 1, where r is the rank of the cone (see Definition 11 for the precise definition of rank). Geometrically, this means that, if the stratum β g (σ) ⊂ A Σ g corresponding to a cone σ ∈ Σ g maps to A g−k ⊂ A Sat g , then its codimension in A Σ g is at least equal to k 2 + 1. Additivity is a property ensuring that all product maps A g 1 × A g 2 → A g 1 +g 2 extend to product maps
Although this is a stronger property than admissibility, all known admissible collections of toroidal compactifications A Σ g are also additive. To be able to speak about the stable cohomology in a meaningful way, one needs to have the stabilization map relating cohomology for g and g + 1.
The standard choice is to consider a stabilization map extending the map A g → A g+1 defined by taking products with a fixed elliptic curve. Provided the cone decompositions Σ g and Σ g+1 satisfy some natural compatibility conditions, such an extension exists and defines the desired stabilization maps for the cohomology in a fixed degree. If the stabilization map induces an isomorphism in degree k for g ≫ k, we say that the cohomology of A Σ g stabilizes and we call the limit object the stable cohomology of A Σ g . If the compactification A Σ g is additive, stable cohomology will have a Hopf algebra structure, where product and coproduct are induced by the usual cup product on H • (A Σ g ) and the pull-back of Pr Σ in the stable range, respectively. In this situation stable cohomology groups are always finite-dimensional, hence by Hopf's theorem stable cohomology must be isomorphic to a free graded-commutative algebra.
In our approach, we want to consider maps between cohomology (or homology) groups of fixed codegree. Thus, we would like to work with maps that are Poincaré dual to the stabilization maps. Doing this presents an extra challenge, as the partial toroidal compactifications A Σ g we consider are not necessarily rationally smooth. We circumvent this problem by proving in Section 4 that the product maps Pr Σ are transverse embeddings (after passing to a level cover). This enables us to define Gysin maps in Borel-Moore homology of a fixed codegree.
The duals of the stabilization maps in Borel-Moore homology give the maps in cohomology with compact support of fixed codegree that were used in [GHT17] for the perfect cone compactification. The reason why we prefer to work with Borel-Moore homology -which we denote byH • -is that this is where the cycle maps naturally takes values. Namely, by [Ful98, Ch. 19 ], for each complex scheme X there is a well-defined cycle map A • (X) → H • (X); we will call a Borel-Moore homology class algebraic if it lies in the image of the cycle map. A further advantage of Borel-Moore homology is that the cap product givesH
-module structure, and hence an R-module structure in the stable range.
In this language, the main result of [GHT17] combined with the transversality statement in Proposition 9 gives the stabilization of Borel-Moore homology as follows. Theorem 1. If Σ = {Σ g } g≥0 is a small admissible collection of fans, then there is an isomorphism
of Borel-Moore homology for all k < g. Moreover, in this range this homology consists only of algebraic classes.
For additive collections, the existence of transverse product maps ensures that stable homology carries a coalgebra structure -and, if A Σ g is rationally smooth, a Hopf algebra structure isomorphic to that of a polynomial algebra with generators of even degree. Our goal is to determine the number of generators of the algebra in each degree, and our main result is the following: Theorem 2. If Σ = {Σ g } g≥0 is a small additive collection of fans, then the stable Borel-Moore homologyH top −• (A Σ ∞ , Q) is isomorphic to the free Rmodule generated by the symmetric algebra Sym
• (V Σ ) of the graded Q-vector space V Σ which is trivial in odd degree and given in even degree by
where
is the set of all orbits of cones in Σ;
• σ is called irreducible if it is not equal to a direct sum of two nonzero cones of Σ; • V σ denotes the Q-span of σ; G σ denotes the refined automorphism group of σ (see Definition 17), and we are thus summing the invariant subspaces of Sym • V σ under the action of G σ .
We note that the theorem only gives the description of the stable BorelMoore homology as an R-module; it does not provide a canonical choice of generators as geometrically identified classes on the partial toroidal compactifications A Σ g . However, the description given is completely explicit, and yields an algorithm to compute the dimensions of the stable homology groups.
One particular case of interest is the perfect cone toroidal compactification A Perf g , which was the main focus of [GHT17] . We note that a priorī H top −k (A Perf ∞ , Q) does not carry any algebra structure, because the collection of homology groupsH g(g+1)−• (A Perf g , Q) is not a ring. However, our result shows that in the stable range k < g the homologyH g(g+1)−k (A Perf g , Q) has the same Betti numbers as a polynomial algebra. This suggests that stable homology and cohomology in close to top degree admit an algebra structure, eg. via a lift to intersection homology.
We stated Theorem 2 as a description of stable homology as an R-module, and thus need to explain how the Hodge classes extend to various partial compactifications of A g . As discussed above, there is the issue of choosing a suitable extension of the Hodge classes to A Sat g ; to deal with this, one can choose a compatible collection of extensions of the classes λ i to A Sat g for all genera g (where by compatible we mean that for any 0 < k < g and for any i the extension of λ i defined on A Sat g pulls back to the extension of λ i defined on A Sat k , under the map taking a product with a fixed ppav of dimension g − k). For (partial) toroidal compactification, there is a more direct way to extend the Hodge classes. Indeed, the Hodge rank g vector bundle on A g extends as a vector bundle to any partial toroidal compactification A Σ gthis is proven in full generality in [FC90, Thm V.2.3], while the analytic argument for rationally smooth toroidal compactification is given in [Mum77] . Thus on any (partial) toroidal compactification A Σ g the extensions of the Hodge classes λ i can be defined as the Chern classes of the extension of the Hodge vector bundle. Thus all stable cohomology groups we consider in this paper will be R-algebras, and all stable homology groups (in small codegree) will be R-modules, and we formulate our results in these terms.
While our main theorem above holds for any small additive collection, the situation is particularly good if the (partial) compactification A Σ ∞ is rationally smooth. This is the case if and only if all cones σ ∈ Σ are simplicial, see eg. [CLS11, Theorem 11.4.8]. Then, by Poincaré duality, the cap product with the fundamental class of A Σ g defines an isomorphism between cohomology in degree k and Borel-Moore homology in codegree k.
One such case of particular interest are the matroidal partial toroidal compactifications A Matr g . These were introduced and first studied by Melo and Viviani [MV12] who showed that the cones defined starting from simple regular matroids, and forming the fan Σ . In this case the theorem above takes an especially explicit form, as the irreducibility of the cone is governed by the properties of the corresponding matroid. Before we formulate this, we recall that the rank of a matroid M is the number of elements in any of its bases, and that this coincides with the dimension of the corresponding matroidal cone σ M . We also recall that the 1-sum of matroids corresponds to taking direct sum of the corresponding cones.
Corollary 3. The stable cohomology H • (A Matr ∞ ) is the free R-algebra generated by Sym
• (V Matr ). Here V Matr is the graded vector space which is trivial in odd degree and is given in even degree by
where σ M denotes the cone in the matroidal fan corresponding to M , and Aut(M ) denotes the automorphism group of the matroid M .
This corollary provides an explicit combinatorial algorithm to compute the stable cohomology of the matroidal partial compactification in any degree, once 1-sum-irreducible simple regular matroids in up to that rank are classified.
While we do not have an analogous combinatorial closed formula for the perfect cone toroidal compactification A Perf g , our algorithm can still be implemented in that case. In Section 5 we compute the stable cohomology of A Matr ∞ in degree up to 16, and stable Borel-Moore homology of A Perf ∞ in codegree up to 16 (note that A Perf ∞ is not rationally smooth), by using the known enumerations of the corresponding cones, and studying their automorphism groups and invariants by hand. In the appendix Dutour Sikirić explains details about the enumeration of cones in the perfect cone decomposition, using the results of [DS] , [DSHS15] and [EVGS13] on classification of perfect cones. He then gives a brief overview of his new computational methods and implementation of our algorithm, which allow to push these computations considerably further. The final results of his computation are the following two theorems. , where the result in degree 22 is conjectural (but certainly gives a lower bound for this dimension).
For both of these theorems, the results in (co)degree up to 12 were computed in [GHT17, Thm 1.6] with much more work, and match what we obtain now, except for the discrepancy in degree 12. This mismatch is due to an unfortunate error in [GHT17,  [DS] .
The structure of the paper. In Section 1 we recall the definition and properties of an admissible collection of admissible fans. We then introduce two properties of such collections which are the basis of our work, namely additivity and smallness. The first of these properties guarantees that the toroidal compactifications behave well with respect to the product embedding A k × A g−k → A g . This will be crucial for our computational approach. The latter condition is what is required to guarantee stabilization of the Borel-Moore homology in the first place. We also rephrase the results of [GHT17] in the form needed for the development of our algorithm.
In Section 2 we develop the techniques for working with representations of wreath products. This is the essential technical tool which will allow us to make use of the additive structure of fans. Next, we recall the notion of plethystic substitution in Section 3. This will enable us to state our main result, Theorem 2, in a compact form, and give its proof. The transversality statement for product embeddings will be proven in Section 4. Finally, we will discuss some examples in Section 5 in order to demonstrate the effectiveness of our algorithm, starting from the additive collection of "standard" cones (i.e. those of the form σ 1+···+1 ), which now reduce to a one-line computation, and then proceeding to compute the stable Betti numbers of A Perf g for codegree up to 16. In the appendix Dutour Sikirić explains his method and implementation of an algorithm that allows him to push these computations to degree up to 30 for A Matr ∞ and to codegree up to 22 for A Perf ∞ .
Stable partial compactifications and product maps
In this section we recall the data needed to define a partial toroidal compactification of A g , and introduce various properties of such compactifications required for our results to apply. We refer to [AMRT75] and [Nam80] for the basic theory.
The construction of a toroidal compactification consists of two steps: firstly, one has to construct a compactification for each cusp, and secondly one has to glue these partial compactifications in order to obtain a global compactification A Σ g . In the case of principal polarizations, and this is the situation which we will always be in, there is, up to the action of Sp(2g, Z), only one cusp for each integer k < g, a fact which we will use frequently. These cusps are in 1-to-1 correspondence with the (orbits of) isotropic subspaces Q k of Q 2g . As a model we can take the subspace generated by the first k standard basis vectors.
In order to describe the data required to construct a partial compactification in the direction of such a cusp, we recall that a cone in a real vector space is called rational polyhedral if it is generated, over R, by finitely many rational vectors. We denote by Sym 2 >0 (R k ) the cone of positive-definite symmetric k × k real matrices, and denote by Sym 2 rc R k its rational closure: the cone of positive semidefinite symmetric k × k real matrices such that the kernel has a basis consisting of vectors in Q k . Neither of these two cones is rational polyhedral for k ≥ 2, and the fan is used to describe a cover of Sym
, and the number of orbits of cones in Σ k under this action is finite.
Moreover, we say that the admissible fan Σ k is complete if it satisfies (v) The union of cones in Σ k is equal to Sym
Given such a fan, we can construct a partial compactification in the direction of the cusp corresponding to Q k . As we have said, the different partial compactifications need to be compatible with each other. This leads to the notion of an admissible collection of admissible fans. As we will work with arbitrarily large g, we will give the relevant definition directly for an infinite sequence of admissible fans.
(ii) for any k < k ′ the equality
holds for one (and hence any) coordinate embedding
Choosing an admissible collection of admissible fans thus allows us to construct (partial) compactifications A Σ g for each g. A given compactification A Σ g is compact if and only if fan is complete, as in Definition 6.(v). Every toroidal compactification A Σ g allows a contraction morphism
. The fan Σ k gives a stratification of each such preimage into strata corresponding to the (orbits of) cones in Σ. As we shall see below, these strata can be described explicitly in terms of the cones σ. Finally, we remark that admissibility implies the existence of natural maps A Σ g → A Σ g+1 for all g, given by taking a product with some fixed elliptic curve E.
Our goal is to study stability, and for this one needs stabilization maps. The simplest map to consider is the map A g 1 × A g 2 → A g 1 +g 2 that sends a pair of principally polarized abelian varieties to their product. We want this map to extend to A Σ g , as in (1).
Definition 8. An admissible collection Σ = {Σ g } g≥0 is called an additive collection if for any g 1 , g 2 , and for any σ 1 ∈ Σ g 1 and σ 2 ∈ Σ g 2 , the direct sum of the cones σ 1 ⊕ σ 2 is a cone in Σ g 1 +g 2 .
From the construction of partial toroidal compactifications it follows that for any additive collection, the product maps (1) indeed extend, and are in fact transverse. We will prove the following result in the Section 4.
Proposition 9. Let {Σ g } be an additive collection of admissible fans. Then for any 0 ≤ k ≤ g the product map A k × A g−k → A g extends, after going to a suitable level structure, to a transverse embedding
We can take any level cover such that the corresponding arithmetic group is neat, in particular we can take a full level-n cover for n ≥ 3. [MV12] ) is also additive -which is immediate from the fact that there is a well-defined 1-sum operation for matroids, and of course also follows from the fact that both Σ Perf . For a discussion of the singular loci of these toroidal compactification we also refer the reader to [DSHS15] .
The product map we are particularly interested in is taking the product of a ppav with a fixed elliptic curve E ∈ A 1 , which gives an embedding A Σ g → A Σ g+1 for any admissible collection of fans Σ. While this map depends on E, its homotopy class is independent of the choice of E. Being a transverse embedding (which can easily be checked with the arguments given in Section 4) it defines, in view of [Ful98, Ex. 19.2 .1], a Gysin map on Borel-Moore homology
Thus given an admissible collection, we have a sequence of Gysin maps, of which we can then take the inverse limit, writing it as
We will call this stable Borel-Moore homology. We recall that since the Hodge vector bundle extends as a vector bundle to any partial toroidal compactification, the ring R naturally extends to cohomology classes on A Σ g , and the stable Borel-Moore homology is thus an R-module. If moreover Σ is also additive, then the Gysin maps associated to the product maps define a coproduct structurē
where the right hand side uses Künneth formula for A Σ g 1 ×A Σ g−g 1 in the stable range. When A Σ g is rationally smooth for all g, i.e. if Σ is simplicial, this is the coproduct that, together with the cup product, gives stable cohomology the structure of a Hopf algebra.
For arbitrary admissible collections, the stable homology defined above may be infinite-dimensional. Indeed, for example it is known that the inequality dim H 2 (A Vor g , Q) ≥ g − 3 holds (see the discussion in [GHT17, §7]), and thus H 2 (A Vor ∞ , Q) is infinite-dimensional. The main result of [GHT17] is a proof that for Σ Perf the stable homology is finite-dimensional, and that the maps (2) are isomorphisms for • < g. By inspection of the proof, the argument in [GHT17] proves this for a more general class of partial toroidal compactifications given by additive collections.
Definition 11. For an admissible collection Σ, we define the rank of a cone σ ∈ Σ g to be the minimal k ≥ 0 such that there exists a cone
As usual we will define the dimension of a cone σ as the smallest dimension of a linear subspace containing σ.
Definition 12. An admissible collection Σ is called small if for any cone σ ∈ Σ of rank ≥ 2, the inequality dim σ ≥ rank σ 2 + 1 holds.
One does not impose any condition on cones of rank 1 because they are necessarily 1-dimensional.
Remark 13. Let Σ be a small admissible collection. We claim that for given k ≥ 0 the number of GL(g, Z)-orbits of cones of dimension k depends only on k, but not on g, provided g is sufficiently large. Let us assume g ≥ 2k − 2 holds. Then, by the definition of a small collection, any cone of dimension k has rank at most 2k − 2 and is thus GL(g, Z)-equivalent to a cone in Σ 2k−2 . Hence the number of GL(g, Z)-orbits of cones of dimension k is the same as the number of GL(2k − 2, Z)-orbits of such cones, and this is clearly independent of g. Remark 14. We note that for the only known small additive collection of (full, as opposed to partial) compactifications, that is for the perfect cone compactifications A Perf g , the stronger property that codimension k strata occur over A g−k holds -which then implies that all cones σ satisfy dim σ ≥ rank σ. The proof of stabilization of cohomology of A Perf g in close to top degree, given in [GHT17] used this stronger property in a crucial way; our current setup with small additive collections is more general, and it would be interesting to discover new examples where it may apply.
The main result of [GHT17] can be made to work for any small admissible collection, and in our current setup can be phrased as follows.
Theorem 15. For any small admissible collection Σ the equalitȳ
holds for all k < g. Furthermore, in this range the Borel-Moore homology of A Σ g consists entirely of algebraic classes.
In fact the results in [GHT17] are stated in terms of cohomology with compact support, but (see also [GHT17, Rem. 9 .2]) they can be better rephrased in terms of Borel-Moore homology, so that the concept of algebraic class is well-defined.
Proof. The proof of Theorem 15 in [GHT17] proceeds by first showing that for a given cone σ ∈ Σ k , the cohomology of the corresponding stratum β g (σ) ⊂ A Σ g stabilizes as g increases (note that admissibility implies that σ is also a cone in Σ g for any g ≥ k), then showing that this cohomology is purely algebraic and in particular non-zero only in even degree. This implies that the Gysin spectral sequence for the stratification of A Σ g by β g (σ) degenerates at E 1 in the stable range, which finally shows that BorelMoore homology in small codegree of A Σ g is the sum of the Borel-Moore homologies in small codegree of β g (σ), and thus stabilizes.
For p ≤ g, let us denote by γ p the minimal dimension of a rank p cone in Σ. (If no rank p cone exists, we may set γ p = ∞.) Then γ p is also equal to the codimension of the union of all strata β g (σ) with rank σ = p, that is of the locus
which is a (possibly reducible) locally closed subset of A Σ g . Recall from [GHT17, Rem. 9.4] that the Borel-Moore homology of β 0 p,g stabilizes in degree g(g + 1) − 2γ p − k for k < g − p − 1. For p = 0, 1, however, the strata β 0 p,g are isomorphic to A g and the universal Kummer variety X g−1 / ± 1, respectively, so that the stability range is in degree g(g + 1) − k for k < g in case p = 0 (by Borel's stability theorem) and in degree g(g + 1) − 2 − k, for k < g − 1 in case p = 1 (by [GHT17, Prop. 4.3] ). In the stable range, the Borel-Moore homology of β 0 p,g is always algebraic and in particular it vanishes in odd degree.
From now on, we assume that Σ is small, so that we have γ p ≤ p 2 + 1 for all p ≥ 2, or equivalently 2γ p − p − 2 ≥ 0. Let us consider the Gysin spectral sequence associated with the stratification {β 0 p,g }. We write it by using the rank p of the stratum and the codegree q as natural parameters, as follows:
In view of the considerations above, the term E 1 −p,−q stabilizes in the following cases: p = 0 and q < g, p = 1 and q < g, p ≥ 2 and p + q < 2γ p + g − p − 1.
Within this stable range one has
Next
Hence, for p+q < g one has E r −p,−q = 0 if p+q is odd and E r −p−r,−q+r−1 = 0 for p + q even. In both cases, the differential d r vanishes. This proves that the Gysin spectral sequence degenerates at E 1 in codegree k = p + q < g. This implies the claim.
Remark 16. In fact it is possible to weaken the smallness assumptions even further, if one is interested in stabilization in codegree k for g sufficiently large, but not necessarily for k < g. For instance, the proof above can be adapted to show that for a fixed integer k 0 , the Borel-Moore homology of A Σ g stabilizes in codegree k < k 0 whenever dim σ < k 0 + rank σ − g + 1 2 holds for all cones σ ∈ Σ. It would be interesting to see if there are natural admissible collections of partial compactifications that satisfy this weaker smallness assumption for some (large) integer k 0 .
As the goal of the current paper is to provide an algorithm for computing the stable homology, we now recall the description of the cohomology of the stratum β(σ) ⊂ A Σ g corresponding to a cone σ ∈ Σ g . Recall that the partial toroidal compactification decomposes as
where β g (σ) is a locally closed subset of A Σ g of codimension dim σ, and the image of β g (σ) under the contracting morphism φ Σ to the Satake compactification is contained in A g−rank σ . Thus the condition of smallness is equivalent to requiring codim φ −1
admits an explicit description as a torus bundle over a fiber product of the universal family over A g−k ; we refer to the explicit discussion in [GHT17, §8] . In particular, each β g (σ) is rationally smooth, and thus satisfies Poincaré duality over Q. For any additive collection Σ, the stability maps are compatible with this stratification, i.e. they act stratum-wise and restrict to maps β g (σ) → β g+1 (σ). The cohomology of β g (σ) can then be computed in terms of invariants of the automorphism group of σ, as we now recall.
Definition 17. For a cone σ ∈ Σ g in an admissible collection, denote V σ := Span Q (σ) the Q-span of σ. The refined automorphism group of σ, denoted G σ , is defined to be the image in GL(V σ , Q) of the stabilizer of σ in GL(g, Z).
For a given cone σ ∈ Σ k , the stable cohomology of β g (σ) has been computed as follows.
Theorem 18 ([GHT17
is isomorphic to the free R-algebra generated by the G σ -invariants of the symmetric algebra of V σ , i.e.
where we assign degree 2 to the generators of V σ .
The computation of stable Borel-Moore homology of A Perf g , and more generally for any small additive collection, is then completed by the observation of the degeneracy of the spectral sequence.
Proposition 19 ([GHT17]
). For codegree k < g the spectral sequence in Borel-Moore homology associated to the stratification of A Σ g into strata β g (σ) degenerates at E 1 . Thus in particular
Proof. The claim follows by combining Proposition 9.3 and Lemma 9.5 of [GHT17].
The formula above already gives a possible approach to computing the stable Borel-Moore homology of A Σ g in close to top degree. One can compute the stable cohomology H • (β ∞ (σ), Q) for any cone σ using invariant theory; then the stable Borel-Moore homology of A Σ g in small codegree will be given by the sum of these for all σ ∈ A Σ g . At the same time, this is deeply unsatisfactory if Σ is additive, especially in the case in which A Σ g is rationally smooth. In this case, by Poincaré duality, the stable Borel-Moore homology in small codegree is isomorphic to stable cohomology in small degree, which has a natural ring structure. Moreover, the product maps Pr Σ induce a coalgebra structure on stable cohomology. This ensures that the stable cohomology of A Σ g is a graded Hopf algebra and thus, by Hopf's theorem [Hat02, Theorem 3C.4], it must be a free graded-commutative algebra. By Theorem 15, all generators of stable cohomology have even degree, hence H • (A Σ ∞ , Q) is a polynomial algebra. The goal of the present paper is to understand how to obtain the number of generators of this polynomial algebra algorithmically.
Stable classes and group invariants
We now develop the machinery of working with representations of wreath products G ≀ S n that is necessary to compute the contributions of the individual strata to the stable cohomology. The stable cohomology of the strata β g (σ) is computed in terms of the invariants of the action of the refined automorphism group of the cone. We first investigate how such refined automorphism groups can be computed for direct sums of cones.
Definition 20. A cone σ of an additive collection Σ is called reducible if it is GL(g, Z)-equivalent to the direct sum σ 1 ⊕ σ 2 of some non-zero cones σ 1 ∈ Σ g 1 and σ 2 ∈ Σ g 2 ; otherwise it is called irreducible.
As usual, one proves by induction that every cone σ ∈ Σ can be written as a direct sum of irreducible cones, uniquely up to reordering the summands. We will adopt the notation [σ] ∈ [Σ] for the GL(g, Z)-orbit of a cone, and will write such a decomposition into irreducible cones as
where the distinct irreducible summands [σ 1 ], . . . , [σ ℓ ] ∈ [Σ] and their multiplicities m i are unique up to reordering. We now compute the refined automorphism group of σ in terms of the decomposition into a direct sum of irreducible cones. To formulate the answer, we recall that for a group G, for any n ∈ Z >0 the wreath product G ≀ S n is defined as the semidirect product G ⋊ S n , where the symmetric group S n acts by permuting the factors. Then standard computations give the following result:
] is a decomposition of a cone in Σ into a direct sum of irreducible cones of Σ, then the refined automorphism group of σ is
This expresses the refined automorphism group of an arbitrary cone in terms of the refined automorphism groups of irreducible cones. The stable cohomology of the corresponding stratum involves computing invariants, which are clearly given as
We now use these computations to rewrite the stable Borel-Moore homology of A Σ ∞ , which is the sum over all cones σ ∈ Σ, as a sum over all irreducible cones only. We express these results in terms of suitable generating series.
For a cone σ ∈ Σ g , let P σ (t) be the generating series for the dimensions of the graded pieces of the stable cohomology of β g (σ) as an R-module. This is to say, we let
where · • denotes the graded pieces as an R-module. By Proposition 19 and Poincaré duality for the strata, for any small additive collection Σ the stable Borel-Moore homology of A Σ g is simply the sum of the stable cohomology of the individual strata. Thus the generating function of the stable graded pieces as an R-module:
where · • denotes the graded pieces of stable homology of A Σ g as an Rmodule. Then the lemma above and formula (4) imply
We write Σ irr for the collection of irreducible cones in Σ, and write [Σ] irr for the collection of orbits of irreducible cones. Since every cone σ ∈ Σ is a sum of finitely many irreducible cones, we obtain (5)
Thus to obtain an algorithm for computing the stable homology of A Σ ∞ , it remains to understand the factors in the last line. This is really a question in representation theory, and we study it in that generality.
Definition 22. For a finite group G acting linearly on a finite-dimensional Q-vector space V , we define the formal power series
Molien's formula [Muk03, Thm. 1.10] allows one to compute this generating series explicitly as
.
We will now compute P (G≀Sn,V ⊕n ) (t) for any n ∈ N in terms of P (G,V ) (t). The wreath product G ≀ S n acts naturally on V ⊕n , whereby G acts on each summand, and S n permutes the summands. We then have the following computation (see [DS00, Thm 6.4] for a proof).
Proposition 23. For any finite group G acting on a Q-vector space V we have the expression
where c i 1 ,...,ir is the number of permutations of cycle type (i 1 , . . . , i r ) in S n .
The plethystic substitution and the proof of the main Theorem
The expression given by Proposition 23 can be stated in terms of the plethystic substitution, the notion of which we now recall (see [Hai03, §3.3] for more details). Restating it this way will help us state the main theorem in the most compact form, and prove it.
Definition 24. We denote by
Sn the ring of symmetric functions in infinitely many variables, and for any n ∈ N call the sum of all degree n monomials h n := X n 1 + X n−1 1 X 2 + · · · ∈ Λ the complete homogeneous polynomial, and call
It is well-known that the set {h n } freely generates Λ, while {p n } freely generates the Q-algebra Λ ⊗ Z Q. These two sets are related by the formula
Definition 25. Given a symmetric function q(X) ∈ Λ and a formal power series in one variable with integral coefficients
] is defined as follows. First, since monomials in p n 's form a basis of Λ ⊗ Z Q, one can uniquely write q as their linear combination, denoting the coefficients α i 1 ,...,ir , so that
Then the plethystic substitution is defined as the power series
Thus Proposition 23 can be restated by saying that P (G≀Sn,V ⊕n ) (t) equals the plethystic substitution h n [P (G,V ) ](t).
The plethystic substitution can be computed more explicitly as follows.
Lemma 26. Suppose all coefficients of the non-zero power series 0 = P (t) = c 0 + c 1 t + c 2 t 2 + . . . are non-negative integers c i ≥ 0. Then q[P ](t) can be obtained from q(X 1 , X 2 , . . . , X i , . . . ) by substituting
Proof. Since the plethystic substitution is linear in q, and evaluating is also linear in q, it is enough to prove the lemma for monomials
For such a monomial the evaluation is the product of evaluations of the p i j , while clearly by definition the plethystic substitution is also the product
Thus it is enough to prove the lemma for the case when q = p j for some j, in which case it is clear.
Definition 27. For a formal power series with integral coefficients P (t) ∈ Z[[t]]
we define its exponential to be the plethystic substitution
Since h n is equal to the degree n part of the infinite product
we have the following formal relation:
Thus, if all coefficients of the non-zero power series 0 = P (t) = c 0 + c 1 t + c 2 t 2 + . . . are non-negative integers, it follows from Lemma 26 that
Hence, in this terminology Proposition 23 can be finally restated as follows.
Proposition 28. For any finite group G acting on a Q-vector space V , and for any α ∈ Z >0 , the generating series for Betti numbers can be computed as follows:
where the coefficients c k are defined by t α P (G,V ) (t) = ∞ k=1 c k t k . The arbitrary parameter α serves to give a version of the formula that is general enough for our purposes. We can now prove our main result.
Proof of Theorem 2. Since the statement of the theorem concerns only the structure ofH top −• (A Σ ∞ , Q) as a free graded R-module, it suffices to verify that the dimension ofH top −k (A Σ ∞ , Q) agrees with the dimension of the degree k part of the symmetric algebra of V Σ
• for each k. Hence it is enough to prove that P Σ (t) coincides with the generating function of the dimension of a polynomial algebra with dim Q V Σ 2k generators in each degree k. Substituting the result of Proposition 28 in the expression for P Σ (t) given by formula (5) we obtain
Gσ . This concludes the proof.
Transversality
In this section we prove the transversality result for additive collections of fans, in particular Proposition 9. We shall do this in the analytic category, which is sufficient for our purposes.
We have already recalled that, in order to construct a toroidal compactification of A g , one has to firstly construct partial compactifications in the direction of the cusps, and secondly glue these partial compactifications to obtain a global space. In the case of principal polarization the cusps correspond to the (up to the action of Sp(2g, Z) unique) k-dimensional isotropic subspaces U k ⊂ Q 2g spanned by the first k elements of the standard basis. We shall denote such a cusp by F k . For any 0 < k ≤ g the stabilizer of U k defines a maximal parabolic subgroup P k ⊂ Sp(2g, Z), which can be described explicitly in terms of generators, see eg. [GHT17, §7] . We denote by P ′ k the center of the unipotent radical of P k . The group P ′ k is then a lattice of rank k(k +1)/2, and taking the partial quotient with respect to P ′ k defines a map
Further note that the fan Σ k defines a torus embedding
which will eventually provide the partial compactification in the direction of F k . Dividing by the Jacobi group in the parabolic subgroup P k , see [GHT17, §7] , the partial quotient map (8) descends to an inclusion (10)
Here X g−k → A g−k denotes the universal family and the fiber of T Σ k,g → X ×k g−k is the toric variety T Σ k . The variety T k,g is the image of H g under the partial quotient map (8). For an admissible collection of fans, the toric variety T Σ k only depends on k, but not on g. Strictly speaking, the above construction should be performed over a level cover of A g such that the arithmetic group is neat -which from now on we will tacitly assume to be the case. To obtain the partial compactification, we take the interior of the closure of T k,g in T Σ k,g and denote this by T k,g . Finally, in order to obtain a neighborhood in A Σ g in the direction of the cusp F k , one has to take the quotient of T k,g by the group GL(g − k, Z), see again [GHT17, §7] . However, since this group acts freely, provided we have a sufficiently big level structure, we can disregard this group action for the purposes of our proof.
We can also describe the new boundary strata which we have added by this process. These are enumerated by cones σ ∈ Σ k which contain rank k matrices. The strata associated to the cones of smaller rank already occur in the compactification process for the cusps F k ′ for some k ′ < k. In order to describe these new strata we first notice that the torus (C * ) k(k+1)/2 which appears in equations (8) and (9) can be identified as
where Sym 2 (Z k ) ⊂ Sym 2 (R k ) and Σ k is a decomposition of Sym 2 (R k ). A cone σ which contains rank k matrices defines a torus T (σ) = T i /T σ , where
The stratum β(σ) associated to σ is then the double fibration
where the first fibration β g (σ) → X ×k g−k is a torus bundle with fiber T (σ).
Definition 29. We say that an embedding i : X 1 × X 2 → X of analytic varieties is transverse if the following holds: for every point (x 1 , x 2 ) ∈ X 1 × X 2 there exist neighborhoods U 1 and U 2 of x 1 and x 2 in X 1 and X 2 respectively, as well as a ball B ⊂ C d and an isomorphism ϕ :
The map (σ 1 , σ 2 ) → σ 1 ⊕ σ 2 for an additive collection induces an embedding
Indeed this is a transverse embedding: if
then the embedding i k,g−k is given by the map
We are now ready to prove the main result of this section.
Proof of Proposition 9. By the additivity of the collection of admissible fans and the construction of toroidal compactifications, we clearly have a map
To analyze this map in more detail, and prove transversality, we consider a neighborhood of a cusp
As our claim is local in nature, and since we are on a suitable level cover, it is enough to understand the diagram (16)
We note that this induces maps of strata
Locally the top horizontal arrow is simply the embedding i k,g−k : (13), in particular it is fiberwise transverse by (15). Since all other horizontal maps are also transverse, the claim follows.
Examples of applications of the algorithm
In this section we apply the algorithm described above to explicitly compute the stable homology of various partial compactifications.
The simplest additive collections are those generated by just one cone and its direct sums with itself. The simplest cone is σ 1 , the corresponding stratum for which is the boundary of Mumford's partial toroidal compactification, which is a subset of any toroidal compactification. The cones that are direct sums of the form σ 1+···+1 correspond to the standard degenerations of abelian varieties and were called standard cones in [GHT17] ; the resulting partial compactification A Std g was called there the standard partial compactification.
We note that the partial compactification A Std g is rationally smooth, and hence by Poincaré duality, cap product with the fundamental class defines an isomorphism between cohomology and Borel-Moore homology
We shall make use of this here and, similarly, for other collections of simplicial cones. In [GHT17] we computed the stable cohomology of A Std g , which required significant work. Now this is straightforward.
To apply our machinery, we note that the refined automorphism group G σ 1 is trivial, and thus (Sym • V σ 1 ) Gσ 1 is simply the polynomial ring Q[T ], and its Poincaré series is thus P σ 1 (t) = (1 − t) −1 . Thus the generating series for the number of generators of stable cohomology of A Std g , as an R-algebra, is 1+(1−t) −1 t = 1+t+t 2 +. . . . This is to say that the stable cohomology of the partial compactification by standard cones is freely generated, as an Rmodule, by a collection of generators, one in each even degree. In [GHT17] we identified these generators with the fundamental classes of the strata of A Std g ; however, other choices of generators are possible. Next, one naturally looks at additive collections that are obtained as direct sums of two cones. It is then natural to consider the only two irreducible cones of rank up to 2, that is σ 1 and σ K 3 . The graph K 3 is the complete graph on three vertices, which can also be thought of as the cyclic graph C 3 on 3 vertices. More generally, for any k ≥ 2 the refined automorphism group G σ C k is the full permutation group S k , which permutes the rays of the cone.
is simply the ring of symmetric functions in k variables. This ring is generated by elementary symmetric functions, which have degrees 1, . . . , k, so that the corresponding Poincaré series is
Thus the generating function for the number of generators of the stable cohomology of the partial compactification by the cones of the form σ
, as an R-algebra, is
2 +2t 3 +2t 4 +3t 5 +4t 6 +5t 7 +6t 8 +8t 9 +9t 10 +11t 11 +13t 12 +15t 13 +· · · Table 1 . Representatives of the equivalence classes of irreducible matroidal cones of dimension up to 7.
To apply our machinery, we need to know the refined automorphism group of each of these cones. Formula (17) gives the Poincaré series for the cyclic cones C 3 = K 3 , C 4 , C 5 , C 6 . For the other cones, one can use the fact that the refined automorphism group of a matroidal cone is isomorphic to the automorphism group of the corresponding matroid. An explicit description of the refined automorphism group for cones of dimension at most 6 can also be extracted from [GHT17] . An important feature is that all cones we are working with are basic cones. For this reason, the G σ always acts as a permutation representation on V σ . The computations are straightforward but tedious; we thus give one sample detailed computation, and summarize the results for the other cones in a table.
For the cone σ K 4 −1 , it follows from [HT12, §6.5] that G σ K 4 −1 is the stabilizer of x 2 3 in the refined automorphism group of σ C 4 . Thus the group G σ K 4 −1 is generated by the three involutions
and can be identified with a subgroup of S 4 = G σ C 4 consisting of the identity, two transpositions, three permutations of type (2, 2) and two 4-cycles. Molien's formula (6) then yields
which is to say that the ring of invariants (Sym
generators in degree one, two in degree 2, and one each in degrees 3 and 4, with one relation in degree 6. Alternatively, one can describe G σ K 4 −1 as the wreath product S 2 ≀ S 2 and use Proposition 23 to obtain
The results for the other cones are given in Table 2 . In the notation of the generators of the groups in that table, the index i refers to the generator of the cone σ appearing in position i in the description given in Table 1 . Combining all of the above data allows us to apply Theorem 2 to compute the stable cohomology H • (A Matr ∞ ) of the matroidal locus in degree up to 16, proving Theorem 4 in that range. The results in higher degree are due to Mathieu Dutour Sikirić, who obtained them using the computer algorithm described in the appendix. As noted in the introduction, there is an unfortunate typo in [GHT17, Table 1 ], which is the source of the discrepancy of the number we obtain now with the numbers in [GHT17] in degree 12.
Proof of Theorem 4 for degree up to 16. Adding up the contributions of irreducible matroidal cones of dimension up to 7 computed above, we obtain the generating series for the number of generators of stable homology of this partial compactification as an R-algebra: Finally, we consider the perfect cone compactification, proving Theorem 5 for codegree up to 16, by a direct computation. The further computations for codegree up to 22 are due to Mathieu Dutour Sikirić, who obtained them using the computer algorithm described in the appendix. The computer implementation also confirms our manual computations for codegree up to 16 below.
Proof of Theorem 5 for codegree up to 16. Up to rank 4, all cones in the perfect cone decomposition of dimension ≤ 6 are matroidal. Therefore, they are direct sums of the cones already considered. The number of cones in the perfect cone decomposition of dimension between 5 and 7 can be found in [EVGS13, Fig. 1 & 2] . If one subtracts from these the number of reducible cones and the number of matroidal cones, one obtains that up to isomorphism there exists exactly one irreducible cone of dimension 5 and rank 5. In dimension 6 there exist 2 orbits of irreducible cones, one of rank 5 and one of rank 6. In dimension 7 there exist 9 orbits of irreducible cones: two of rank 5, four of rank 6 and 3 if rank 7. The explicit form of representatives for these orbits, together with a list of generators for their automorphism groups, was provided to us by Mathieu Dutour Sikirić (see also [DS] ). We list the representatives of these cones in Table 3 , where the labeling of the cones is such that the first index indicates the rank, and the second index indicates the dimension. Table 3 .
Representatives of irreducible perfect nonmatroidal cones of dimension up to 7
It turns out that in this range, the refined automorphism group of the cones is very easy to describe, since G σ acts by permuting the extremal rays of the cones. In all cases but one, this action is simply the direct product of symmetric groups acting on subsets of the set of extremal rays in the natural way. Therefore, the Molien series is the product of Molien series for elementary symmetric functions. We list the refined automorphism group in Table 4 , where we denote by S {i 1 ,i 2 ,...,ir} the symmetric group permuting the generators of the cone σ appearing in position i 1 , . . . , i r in the description given in Table 3 . The subgroup G σ K 4 −1 ⊂ S {2,4,6,7} in G σ (6,7d) is the subgroup generated by (24), (67) and (27)(46).
σ (6,6) S 6 σ (6,7a) S {1,3,4,5} × S {6,7} × S {2} σ G σ σ (6,7b) S {1,3,4,5,6,7} × S {2} σ (6,7c) S {1,2,4,6,7} × S {3,5} σ (6,7d) G σ K 4 −1 × S {1,3,5} σ (7,7a) S {2,3,4,5,7} × S {1,6} σ (7,7b) S 7 σ (7,7c) S 7  Table 4 . Description of the refined automorphism groups of non-matroidal cones of dimension up to 7.
Let us define the admissible collection Σ by σ ∈ Σ ⇔ σ is the direct sum of perfect cone cones of dimension ≤ 7.
Then Theorem 2 applied to the small additive collection Σ of simplicial cones gives that H • (A Σ ∞ , Q) is a free R-algebra generated by some algebraic classes. Let us denote by c k the number of generators in degree 2k for k ≥ 1. where the sum in the first line goes over all the cones σ listed in Table 4 . In particular, if one takes the λ-classes into account, one obtains the generating function Exp t/(1 − t 2 ) + k≥0 c k t k for the stable Betti numbers of A Σ g . As Σ is contained in the perfect cone decomposition, in view of Theorem 2 the stable Betti numbers of A Σ g give a lower bound for those of A Perf g . Moreover, since all cones in the perfect cone decomposition of dimension ≤ 7 belong to Σ, the stable Betti numbers of A Σ g and those of A Perf g agree in codegree k ≤ 14. From this we can obtain the Betti number of A Perf g in codegree 16 by recalling from [EVGS13] and [Mar01] that there are exactly 53 irreducible cones of dimension 8 and rank ≤ 7 in the perfect cone decomposition: 2 of rank 4, 11 of rank 5, 16 of rank 6, 17 of rank 7 and 7 of rank 8.
Appendix. Computations by Mathieu Dutour Sikirić
The computations of this paper depend on the enumerations of irreducible cones of fixed dimension d and rank r. For the matroidal locus the irreducible cones correspond to the connected simple loopless regular matroids and those are enumerated in [FW11] up to dimension 15 and the data is available from [FW] .
The enumeration of cones of the perfect cone tessellation is much harder since there is no translation to pure combinatorics. Table 5 gives the number of orbits of cones up to dimension 11, where g denotes what is called rank in the paper.
Enumeration of the case d = r for d ≤ 8, respectively d = 9, is done in [Mar01] , respectively [KMS12] . Enumeration of cases d ≤ 6, respectively d = 7, is done in [EVGS02] , respectively [EVGS13] . The cases (r, d) = (8, 9), (8, 10), (9, 10) are treated in [DSHS15] . The cases (r, d) = (8, 11), (9, 11), (10, 10) and (10, 11) have been treated by the author of this Appendix and the methodology will be published separately. For the case (r, d) = (11, 11) we have only a conjectural list of orbits, which may be incomplete though this is unlikely. The complete data sets are available on [DS] . Table 5 . Number of orbits of cones in the perfect cone decomposition for rank r ≤ 11 and dimension at most 11
We now turn to the algorithms for computing P σ (t) for a cone σ. The stabilizer of σ in GL(r, Z) is obtained by applying the algorithms of [BDSP + 14]. If σ is a face of the matroidal locus then [BDSP + 14, Theorem 2] gives the stabilizers since the unimodularity of the configuration of vectors of matroidal cones implies that they span Z r and so their stabilizer in GL(r, Q) coincides with their stabilizer in GL(r, Z). For a face of the perfect cone tessellation we use the method "Adding elements to C" of [BDSP + 14, Section 3] in order to get the group. That is if σ = {v 1 , . . . , v m } then we take the matrix A σ = i v i v T i . Then we consider a Z r spanning set of short vectors of A −1 σ . For example we can take all the vectors lower than the maximum coefficient of A −1 σ .
Once we know the stabilizer, the group G σ can be readily computed. But the group may be large and thus the sum expressing P σ impossible to compute directly. Fortunately the term det(1−tA) is invariant under conjugation. Therefore we use the enumeration of conjugacy classes of elements of G σ in order to reduce the sum to a more manageable expression. The group computations are done in [GAP16] and the computation with fractions are done in [PAR16] .
Finally, we note that the codegree 22 computation on A Perf g is so far only conjectural, as the classification of configurations of vectors of dimension 11 and rank 11 is not finished. In fact a search for such classifications proceeds by increasing the determinant. The highest known determinant for such a configuration is 32, and it is known, by a computer search, that there are no further configurations up to determinant 39 -but it is only conjectural that the known list of such configurations of vectors is complete.
